The Canonical Function Method (CFM) is a powerful accurate and fast method that solves the Schrödinger equation for the eigenvalues directly without having to evaluate the eigenfunctions. Its versatility allows to solve several types of problems and in this work it is applied to the solution of several 1D potential problems, the 3D Hydrogen atom and the Morse potential.
I. INTRODUCTION
The Canonical Function Method (CFM) is a powerful means for solving the Schrödinger equation and getting the eigenvalue spectrum directly in a fast and precise manner without computing the eigenfunctions.
The CFM turns the two-point boundary value (TPBV) Schrödinger problem into an initial value problem and allows full and accurate determination of the spectrum. This is done by expressing the solution as a sum of two linearly independent functions (the Canonical Functions) with specific values at some arbitrary point belonging to the interval defined by the two boundaries. The integration proceeds simultaneously from this point toward the left and right boundaries evaluating at each step a corresponding ratio. It stops when the difference between the left and right ratios is below a given desired precision.
This work is relevant to students who have completed an undergraduate Quantum Mechanics course of the Merzbacher [1] level or graduate students whose level corresponds to Landau and Lifshitz course [2] and are interested in the eigenvalue problem of Quantum Mechanics.
The CFM can handle a large variety of Quantum problem problems [3] besides the eigenvalue problem making it an extremely versatile, fast and highly accurate. The evaluation of the Schrödinger operator spectrum is done without performing diagonalization, bypassing the evaluation of the eigenfunctions. This allows to preserve a high degree of numerical precision that is required in solving sensitive eigenvalue problems.
It also solves the Radial Schrödinger equation over the infinite interval [0, ∞[ , where singularities in the potential at both boundaries are encountered.
The CFM method is superior to many standard techniques that have been used to solve the Schrödinger equation such as Numerov [5] or relaxation methods that are particularly tailored for solving TPBV problems (see the Physics Reports Review [3] ).
It is worthwhile to point out that, numerically, the precision gained with the bypass of intermediate diagonalization operations is reminiscent of the Golub-Reinsch algorithm (see for instance ref. [4] ) used for the singular value decomposition of arbitrary rectangular matrices. This article is organised as follows: The next section is a description of the CFM in 1D with the appropriate boundary conditions (BC). Several 1D problems are treated: The Infinite depth potential well, the finite depth potential well, the Harmonic Oscillator problem, the Kronig-Penney potential and the double-well (symmetric and asymmetric) potentials. In section III the CFM is applied to the 3D Schrödinger equation specializing to the Radial Schrödinger equation problems and in particular to the Hydrogen atom and the Morse potential. Finally section IV bears our conclusions.
In the Appendix we provide information on the different systems of units used in Atomic physics and quantum mechanics.
II. ONE-DIMENSIONAL POTENTIAL PROBLEMS
The CFM approach is based on the direct calculation of the eigenvalues of the Schrödinger equation defined over an interval [x 1 , x 2 ] with a set of BC defining the problem:
m e is the electron mass. Starting from a point x 0 ∈ [x 1 , x 2 ] we express the solution as a superposition of two linearly independent functions α(E; x), β(E; x), (the Canonical Functions) depending on the energy E and the abscissa x such that:
The CFM is based on the extraction of the eigenvalues from the zeroes of the eigenvalue function F (E) defined from the saturation of the left (x → x 1 ) and right (x → x 2 ) functions l − (E) and l + (E) given by the ratios of the canonical functions α(E; x) and β(E; x) or their derivatives.
In the general case when either y(x 1 ) = 0 or y(x 2 ) = 0 we write:
The canonical functions satisfy the following conditions at the starting point x 0 :
Let us rewrite the system 3 at the two boundaries x = x 1 and x = x 2 :
Extracting from above the left and right ratios defining the functions l − (E) and l + (E):
;
In order to tackle any problem with the CFM, a number of constraints should be explained and underlined in order to illustrate the methodology of getting properly the eigenvalue spectrum:
• Sensitivity, stability and accuracy:
The spectrum depends on the zeroes of F (E) = l + (E)−l − (E). This subtraction might lead in some cases to inaccuracies because the entire spectrum depends on the zeroes of F (E). However, it holds the key of the stability of the CFM since two independent solution sets are generated at the point x 0 , with progress inwards to the left point x 1 and outwards toward the right point x 2 . Since both sets contain, in general, linear combinations of the regular and the irregular solutions, by suitably combining them, the irregular solution is eliminated.
• x 0 issue and the number of eigenvalues:
The number of eigenvalues depend strongly on x 0 . Thus, it should be chosen such that a tan(E)-like diagram for the energy function F (E) is obtained.
In the case we have a potential displaying a single minimum, x 0 should be close to the potential minimum.
• Behaviour of the canonical functions:
The method being sensitive to convergence of the marching toward the left-right boundaries x 1 , x 2 , one ought to look for similar behaviour in the canonical functions α(E; x) and β(E; x) along with the limiting process x → x 1 and x → x 2 since it controls the ratio saturation.
• Overall aspect of the eigenvalue function: The eigenvalue function
should have a regular structure of the tan(E) type, that is almost periodic versus ln(E).
There are several types of BC from the eigenvalue function defined as the difference between left and right ratio functions:
We consider, for illustration, the following four types of BC:
1. Null wavefunctions BC:
The conditions y(x 1 ) = y(x 2 ) = 0 yield:
2. Null wavefunction and its derivative BC:
The conditions y(x 1 ) = y ′ (x 2 ) = 0 yield:
3. Null derivative and the wavefunction BC:
The conditions y ′ (x 1 ) = y(x 2 ) = 0 yield:
4. Null derivatives BC:
The conditions y ′ (x 1 ) = y ′ (x 2 ) = 0 yield:
It is remarkable that the eigenvalue function F (E) = l + (E)− l − (E) behaves in a very peculiar way close to the trigonometric tan(E) shape as displayed in Fig. 1 . This will be explained in the next section.
A. The Infinitely deep square well
Let us apply the CFM to the infinite square well potential of width a defined by: 
The Schrödinger equation writes:
with BC: ψ(0) = 0, ψ(a) = 0. The exact eigenfunctions are hence given by ψ n (x) = 2 with m e the electron mass. In order to apply, the CFM method, we first note that the solutions are odd or even over the interval [0, a]. Working on the half-interval [0, a 2 ] we can start from any point x 0 and apply the general methodology albeit with a modification regarding the matching conditions at the middle interval point.
In the odd-mode case (null wavefunctions at both boundaries
whereas in the even-mode case we have (null wavefunction at left boundary x 1 = 0, null derivative at right boundary x 2 = a 2 ):
Solving successively F o (E) and F e (E) for the odd modes and the even modes, we get Table I . 
B. The Finite depth square well
The finite depth square well potential of width a is defined by:
As in the Infinite depth case, the potential is symmetric with respect to the well center a 2 , implying that we have odd and even modes. Therefore we take
2 which means that we march to the left through the potential step until we observe the nulling of the wavefunction, whereas the marching to the right results at half the potential well width a in odd or even modes. More explicitly:
whereas in the even-mode case we have (null wavefunction at left boundary x 1 = −∞, null derivative at right boundary x 2 = a 2 ):
Solving successively F o (E) and F e (E) for the odd modes and the even modes, we get the following table II. The exact eigenvalues E n =h 2 k 2 n 2m , drawn from LandauLifshitz book [2] are given by the solutions k n (n = 1, 2...) of the transcendental equation: The number of levels gives us a the well width in the following way: since the sin −1 term is bounded by π 2 , the largest level index n max is given by
.
C. The harmonic oscillator
The harmonic oscillator potential defined by: V (x) = 1 2 kx 2 is symmetric with respect to the origin x = 0 implying as before that the solutions are given by odd and even parity modes. The boundaries for this problem are:
In the odd-mode case (null wavefunctions at both boundaries x 1 = −∞, x 2 = 0):
whereas in the even-mode case we have (null wavefunction at left boundary x 1 = −∞, null derivative at right boundary x 2 = 0):
Solving successively F o (E) and F e (E) for the odd modes and the even modes, we get the following table III.
The exact eigenvalues E n =hω 0 (n + from which we select the value of ω 0 = k m and hence the elastic constant k.
D. Periodic potential: The Kronig-Penney problem
The Kronig-Penney potential is often used in the description of the electronic properties of crystals. It is based on a piecewise constant potential (see fig. 4 ) for which we can apply the same methodology of marching to the left and to the right and comparing corresponding ratios in order to get the eigenvalues. The latter are now dispersive which means they depend on a wavevector reflecting the translational symmetry of the system (Bloch theorem). The CFM must be extended to the complex case since previously all the wavefunctions we use and derive were real. It is straightforward to extend the marching method as well to the complex wavefunction case as explained below. Defining a unitcell with extreme boundaries −b and a we write the general CFM definitions in the complex case:
The energy E is considered as smaller than V 0 . Using Bloch theorem [6] , in the above equations:
we get the complex ratio functions:
where γ = exp[ik(a + b)]. This yields the dispersion relation for the energy eigenvalue ǫ n (k) with n the band index:
We compare the above to the standard dispersion relation [6] :
sinh(Qb) sin(κa)+cosh(Qb) cos κa = cos k(a+b) (24) where Q is defined as the (pure imaginary) wavevector inside the potential barrier. Recall that the energy E < V 0 hence the wavefunction within the barrier is of the form exp(±Qx), i.e. when
2me whereas κ is the real free wavevector outside the barrier i.e. when V (x) = 0 the wavefunction is of the form exp(±iκx)).
When we let V 0 → ∞ and b → 0 such that V 0 b remains finite, the piecewise constant potential V (x) is transformed into a periodic array of δ functions gδ(x − na) with lattice parameter a. g is the strength of the delta function potential and n ∈ Z a relative integer.
We can formally write the potential as:
and consider a single interval extending over the unit cell with boundaries x 1 = 0 and x 2 = a. Since at the left boundary x 1 = 0 we have a δ function potential, standard quantum mechanics [1] tell us that the wavefunction derivative y ′ (x) jumps across the δ function potential, such that:
Bloch theorem [6] transforms this equation into:
The left ratio (complex) is thus obtained as:
The right ratio is determined from Bloch theorem linking the right boundary x 2 = a to the left boundary x 1 = 0: y(a) = y(0) exp(ika):
The dispersion relation is obtained as before from the zeroes of:
Indeed, the dispersion relation [6] obtained from the limiting process V 0 → ∞ and b → 0 is [6] :
can be straightforwardly obtained from the derivative jump condition (eq. 27) and Bloch theorem y(a) = y(0) exp(ika). Starting with the wave function y(x) = A exp(iκx) + B exp(−iκx), defined over the unit cell x ∈]0, a[ and using both aforementioned conditions yields the dispersion relation: m e g κh 2 sin(κa) + cos κa = cos ka (32)
Comparing both dispersion relations yields finally the value of the strength of the δ function potential as g = In figure 5 , exact bands are compared to the CFM bands. The lattice parameter in each case is determined from the number of bands n B we want to calculate according to the formula: a = nB πh √ 2me
since the largest wavenumber is k max = nB π a and we select the largest energy E max =h 2 k 2 2me as 1. This is why we use a = 2.22, 6.66, 11.12 Atomic units for the n B = 1, 3, 5 respective number of bands. It is remarkable to observe how the CFM results lie exactly on top of the exact results. The starting value x 0 is chosen in a way such that we get the right number of bands n band . Spurious bands might appear due to a bad starting value x 0 because the nature of the CFM dispersion relation 30 differs with respect to the dispersion relations eq. 31 and eq.32. The latter eq.32 allow the exact determination of the free wavevector κ from a given Bloch wavevector k and the exact band energy is obtained from E =h A DPW can be symmetric or asymmetric and one has to adapt in each case the appropriate BC imposed by the CFM.
A symmetric DPW is the Double Gaussian potential investigated by Hamilton and Light [7] given by:
The values of the parameters: D, Ω, r a are respectively: 12.0,0.1,5.0 in standard atomic units (see Appendix) such thath = 1, m e = 1.
An elaborate method used by Hamilton and Light [7] based on Distributed Gaussian Basis sets borrowed from Quantum Chemistry Techniques gives the eigenvalues listed in table IV. The CFM results for all the 24 levels in table IV proves once again that it is able to find all levels with speed and accuracy from a simple marching approach.
The asymmetric DWP introduced by Johnson consists of the sum of a Morse (see next section) and a Gaussian potentials such that:
The values of the parameters A, B, C, D, r a , r b are (following Johnson [8] ) in (cm −1 ,Å system of units) are: 10
Eigenvalues for the asymmetric double minimum potential problem are given in table V and a comparison between Johnson's [8] results and the CFM are displayed below.
III. THE CANONICAL FUNCTION METHOD AND THE 3D RADIAL SCHRÖDINGER EQUATION
After having discussed the CFM in the 1D case, we move on to the treatment of the Radial Schrödinger Equation (RSE). The mathematical difficulty of the RSE lies in the fact it is a singular boundary value problem (SBVP). problem.
This stems from the boundary conditions over the infinite interval [0, ∞[ , with the double requirement of regularity near the origin (r ∼ 0) where the potential is large and near infinity (r → ∞) where the potential is very small. The CFM turns it into a regular initial value problem and allows the full determination of the spectrum of the Schrödinger operator bypassing the evaluation of the eigenfunctions.
The partial wave form of the RSE is written as:
TABLE IV: Computed odd and even eigenvalues for the symmetric double Gaussian well potential. The numbers at left are the levels computed with the CFM; on the right the levels obtained by Hamilton and Light [7] . Note the deterioration of accuracy of the Hamilton and Light results as the index increases because of the approach of the continuum. 
, D= 31250.0 cm −1 , and ra = 1.5Å, r b = 1.6Å. Johnson [8] results are compared to the CFM.
−h
where µ is the reduced mass and R l (E; r) is the reduced probability amplitude for orbital angular momentum l and eigenvalue E.
The BC are:
The CFM consists of writing the general solution y(r) representing the probability amplitude R l (E; r) as a function of the radial distance r in terms of two linearly independent basis functions α(E; r) and β(E; r) for some energy E. Generally, the RSE is rewritten in a system of units such thath = 1, 2µ = 1 (see Appendix on units):
At a selected distance r 0 , a well defined set of initial conditions are satisfied by the canonical functions and their derivatives ie: α(E; r 0 ) = 1 with α ′ (E; r 0 ) = 0 and β(E; r 0 ) = 0 with β ′ (E; r 0 ) = 1. Thus we write as in the 1D case:
The method of solving the RSE is to proceed from r 0 simultaneously towards the origin (r → 0) and towards infinity (r → ∞).
When the integration is performed, the ratio of the r dependent canonical functions is monitored until saturation with respect to r is reached at both limits (r → 0 and r → ∞). The saturation of the α(E;r) β(E;r) ratio with r yields a position independent eigenvalue function F (E):
The tan(E) shape of F (E) provides a deep insight into the physical significance of the CFM method. The latter transforms a SBVP from the open interval [0, ∞[ to a finite interval [r lef t , r right ] defined by the saturation coordinates of the ratio functions. This means the CFM maps an arbitrary potential V (r) onto the infinite square well problem in the finite interval [r lef t , r right ] resulting in an eigenvalue function F (E) with a tan(E) pattern as we saw in Section II (see also ref. [8] ).
A. The Hydrogen atom spectrum
The Coulomb potential is a crucial case to test the accuracy and reliability of the CFM given by the Hydrogen atom problem.
The CFM results are shown in Table. VI along with the exact analytical results and it is remarkable to notice that all digits (calculated by CFM and analytically) are rigorously same.
B. The Morse potential
The classical Morse potential is the simplest model for the evaluation of cell vibrational spectra of diatomic molecules.
The Morse potential is given by:
with the values D, a, r e equal respectively to 188.4355, 0.711248, 1.9975 in atomic units (see Appendix). The analytic expression for the levels is:
with max n ≤ √ displayed in fig.6 and fig. 7 respectively. Table VII contains the levels calculated by CFM and compared to the analytical analytical results. As in all previous cases, the agreement is perfect and the full set of levels (N = 19) are found as predicted analytically. 
IV. CONCLUSIONS
The CFM is a very powerful, fast and accurate method that is able to evaluate the eigenvalue spectrum without having to determine first or simultaneously the eigenfunctions.
The CFM has been tested succesfully in a variety of potentials [3] and gives accurate results for bound and free states. The tunable accuracy of our method allows to evaluate eigenvalues close to the ground state as well as close to highly excited states near the continuum limit to a large number of digits without any extrapolation.
The CFM compares favorably with many different elaborate techniques based on expansion over basis functions (such as Gaussian [8] , Quantum Chemistry inspired basis functions [7] ) or functional expansions (Numerov [5] , High-order Taylor [10] ...). The CFM approach remains the same despite the wide variability of the mentioned problems.
The CFM method used gives the right number of all the levels and the variation of the eigenvalue function F (E) definitely determines the total number of levels. Generally in order to avoid potential singularities, Taylor series expansion are made to a given order dictated by the required accuracy (as described in ref [9] ).
Since the CFM bypasses the calculation of the eigenfunctions, it avoids losing accuracy associated with the numerical calculation specially with rapidly oscillating wave functions of highly excited states. This is specially needed in the study of the sensitive problem of Rydberg states in Atomic physics or the determination of vibrational spectra of cold (weakly-bound) molecules...
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APPENDIX Atomic and other units
In atomic and molecular physics, it is convenient to use the elementary charge e, as the unit of charge, and the electron mass m e as the unit of mass (despite the fact that in some cases the proton mass, m p , or the unified mass unit amu, is more convenient). Electrostatic forces and energies in atoms are proportional to e 2 /4πǫ 0 , which has dimensions M L 3 T −2 , and another quantity that appears all over in quantum physics ish which has dimensions M L 2 T −1 ; so it is convenient to choose units of length and time such that 4πǫ 0 = 1 andh = 1.
Using dimensional analysis, the atomic unit of length is:
called the Bohr radius, or simply the bohr (0.529Å), because in the "Bohr model" the radius of the smallest orbit for an electron circling a fixed proton is (1+ 
The unit of time ish/E h . The Hartree is twice the ground state energy of the Hydrogen atom −1 E h equal to the Rydberg (13.6 eV). In atomic and molecular spectroscopy, one uses rather the cm −1 an energy corresponding to a wavelength of 1cm or sometimes a frequency unit, the Hz. We refer the reader to table VIII where conversion factors between the different energies are given.
